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Abstract—The theory of Kac- Moody algebras is one of the modern field of Mathematical research which has been developing rapidly in
the past twenty years due to its interesting connections and applications to other fields of Mathematics and Mathematical Physics. On the
other hand fuzzy theory has deep rooted applications in varies fields of science and technology. We make an attempt on studying the
fuzziness on Kac-Moody alg;ebras In this paper, we define fuzzy sets on the Cartesian product of some of the affine type of Kac-Moody

algebras F( E(l) E(l) E(

algebras are computed.

. Basic properties of fuzzy sets are studied; For sPecmc values of «, a - level and strong « - level sets
are computed « -cut decomposmon for there fuzzy sets, associated with the F4 , L

M E(l) &G, M tamilies of affine type of Kac-Moody

Index Terms— Affine type, « -cut decomposition, « -level sets, convexity, fuzzy set, Kac-Moody algebra, root basis

1 INTRODUCTION
1.1 Basic definitions on Kac-Moody algebras

Deflmtlon 1.1. [3] An integer matrix A= (a,j)I -1 is a

Generalized Cartan Matrix (abbreviated as GCM) if it
satisfies the following conditions:

i a@j=2VvVi=12.,n
ii. ajj =0 & aji =01i,j=12,.,n
iii. aj<0,i#jVij=12.,n

Let us denote the index set of A by N = {1,...,n}. AGCM A
is said to decomposable if there exist two non-empty

subsets 1,J =N such that 1UJ=N and aj=aj =0 Viel

and jeJ. If A is not decomposable, it is said to be
indecomposable.

Definition 1.2. [2] A realization of a matrix A=@) -y is a

triple (H,IL,11Y) where | is the rank of A, H is a 2n-I
dimensional complex vector space, I={c,.,ay} and

" ={a} .. a4} are linearly independent subsets of H” and
H respectively, satisfying « j(aiv )=a fori, j=1,..,n. T

is called the root basis. Elements of II are called simple

n
roots. The root lattice generated by IT is Q = Z Zaj.
i=1
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Definition 1.3. [2] The Kac-Moody algebra g(A) associated

with a GCM A=(aij)in j=11s the Lie algebra generated by

the elements ¢, fj, i=12...,n and H with the following
defining relations :

[hh] =0, hheH

i, fj] = Sjei’

[h,ej] = aj(h)ej

[hf] =- aj)fj, i,jeN

(ad ej)' % ej=0

(ad )" fj—0 Vvi=zj ije N

The Kac-Moody algebra g(A) has the root space
decomposition g(a)= @ g, (A) where
acsQ

0y (A) ={xeg(A)/[h,x]= a(h)x, for all he H}. An element o, a0

n
in Q is called a root if g,#0. Let Q. =ZZ+ai. Q has a
i=1
partial ordering “<” defined by a<pg if g-a<cQ, , where
a,feQ.
Definition 1.4. [2] Let A(=A(A)) denote the set of all roots of
g(A) and A, the set of all positive roots of g(A). We have
A_=-A, and A=A, UA_.
Definition 1.5. [2] To every GCM A is associated a Dynkin
diagram S(A) defined as follows: S(A) has n vertices and
vertices i and j are connected by max { ajj |.|aji [} number of

lines if & . aj < 4 and thereis an arrow pointing towards
iif |aj >1. If &; . ajj > 4, iand j are connected by a bold

faced edge, equipped with the ordered pair (|aj ||aji |) of

integers.
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Theorem 1.6. [2] Let A be a real n x n matrix satisfying (m1),
(m2) and (m3).
(m1) A isindecomposable;
(m2) aj <0, i=j;
(m3) ajj =0 implies ajj =0
Then one and only one of the following three possibilities
hold for both A and tA:
(i) det A # 0; there exists u > 0 such that Au>0; Av=0
impliesv>0or v=0;
(ii) co rank A=1; there existsu >0 such that Au=0;
Av 20 implies Av =0;
(iii) there exists u > 0 such that Au<0; Av=0,v= 0
imply v=0.
Then A is of finite, affine or indefinite type iff (i), (ii) or
(iii) is satisfied.
Definition 1.7. [5] A Kac- Moody algebra g(A) is said to be
of finite, affine or indefinite type if the associated GCM A
is of finite, affine or indefinite type respectively.
We note that for the affine type of Kac-Moody algebra
the rank of the GCM A=n-1. ie,l=n-L1.

For a detailed study on Kac Moody algebras one can
refer to [2].

1.2 Basic definitions on fuzzy sets

Definition 1.8. [6] A classical (crisp) set is normally defined
as a collection of elements or objects xe X that can be finite,
countable or over countable.

Definition 1.9. [6] If X is a collection of objects denoted
generically by x, then a fuzzy set A is defined as
A={(xuz(0)/xex}. wz(x) is called the membership function
or “grade of membership” of x in A that maps X to the
membership space M.

Definition 1.10. [6] The support of a fuzzy set A, S(A) is the
crisp set of all xe x such that ux3(x)>0.

Definition 1.11. [6] The (crisp) set of elements that belong to
the fuzzy set A at least to the degree « is called the « -

level set Ay ={xe X/ uz(x)=a}; Aa' ={xe X/ uz(x)>a} is
called “Strong « - level set” or “Strong « - cut”.

Definition 1.12. [6] Let A be a fuzzy set on X. Then the set
{xeX/uz(x)=1} is called the core of the fuzzy set A . This

set is denoted by core (A ).

Definition 1.13. [6] A fuzzy set A is said to be normal if

sup x uz(0) =1.

Definition 1.14. [6] The membership function of the

complement of a normalized fuzzy set A, Hga () =1-uz(x)

xe X .

Definition 1.15. [6] For a finite fuzzy set A, the cardinality |

A | is defined as | A= Zy;\(x). IAIH A|/| X |is called the
xeX

relative cardinality of A.

Definition 1.16. [6] A fuzzy set A is convex if
up (g + (L= A)xg) Zmin{uz (xq), 15 (X2)} X, X, € X, A €[0,1].
Definition 1.17. [1] Let A be a fuzzy set on U and & be a
number such that 0 < <1. Then by oA we mean a fuzzy
set on U, denoted by «A which is such that
(eP)(X) = A(X) for every x in U. This procedure of
associating another fuzzy set with the given fuzzy set A is
termed as restricted scalar multiplication.

Theorem 1.18. [1] Any fuzzy set A on U can be decomposed

as A = sup {aA, /0<a<I}. We also write A=ZaAa or
A=U adA,.

In our previous paper of Uma Maheswari [4] in 2012, we
introduced the new concept of fuzzy sets on the root
systems of Kac- Moody algebras. The fuzzy set on
X =TIxIT is defined as follows:

1/max( aj |,|aii|) if aj =0
:"‘A(“iﬂj): | |]|| Jll ij (1)

if ajj =0
for(ai,aj)ex, i,j=12,.,1

Then A=((¢ @), (13 (@i, aj)) forms a fuzzy set on TIxII..

The following properties of fuzzy sets defined by (1)
on X, for finite type of Kac-Moody algebras are also given
by Uma Maheswari [4] in 2012.

i) Support of A consists of all (aj,«a j) such that a; #0, for
=12, 1.

ii) Core of the fuzzy set A is non - empty if and only if the
associated Dynkin diagram contains at least one sub
diagram of the form ©—o0.

iii) The fuzzy set A defined by (1) is normal iff a sub
diagram of the form ©—o0 occurs in the Dynkin diagram
associated with the GCM A.

2 SOME FUZZY PROPERTIES ON THE ROOT SYSTEMS
OF AFFINE KAC-MOODY ALGEBRA
In this section we shall study about some more
properties of fuzzy sets on the Cartesian product of the root
basis of affine Kac-Moody algebras. The domain X =TIxIT
is restricted to all elements (aj,«j)eTIxIT which belong to

Supp A, where #3(ai,aj)>0.For simplicity of notation, we
shall represent the domain X =TIIxII itself.

Lemma 1. A fuzzy set A corresponding to the affine Kac-Moody
algebras F® QP &Y defined by (1) are convex.

Proof. Consider the affine type of Kac-Moody algebras
FOED EPgE®. Let M be the root basis for the
corresponding affine Kac-Moody algebras listed here.
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TABLE 1
ALL PossIBLE MEMBERSHIP GRADE ATTAINED BY ANY ELEMENT
IN X

uplaiaj)  pplaca)  pp(Maiaj) min{uz (@i, aj),
+(1-ag.a))  Hplak )}

1 1 1 1
1 0 A 0
1 12 A+1)/2 12
0 1 1-4 0
0 0 0 0
0 12 1-212 0

1/2 1 2-2)12 12

12 0 12 0

12 12 12 12

The table shows all possible membership grades for the
elements of X and for every element in X =I1xII, we see
that the following inequality is  satisfied:
Hp (X +Q=2)x2) 2min{uz (x1), 5 (X2)} x4,% € X, A€[01].

Hence the fuzzy sets A corresponding to the affine type
of Kac-Moody algebras r®e0,ef s are convex.

Lemma 2.2. A fuzzy set A corresponding to the affine Kac-
Moody algebra G§) defined by (1) is convex.

Proof. Consider the affine Kac-Moody algebra G . LetI be
the root basis for the corresponding affine Kac-Moody
algebras listed here. The table showing all possible
membership grades for the elements of X and the
conditions for checking convexity is listed below:

TABLE 2
ALL PossiBLE MEMBERSHIP GRADE ATTAINED BY ANY ELEMENT
IN X

uplaiaj)  pplag.a)  ppMaiaj) min{u3 (e, aj)
+(1-Aag.a)) Mzl a)}

1 1 1 1
1 0 p) 0
1 12 (A+1)/2 12
1 13 (21+1)/3 13
0 1 1-2 0
0 0 0 0
0 12 A-2)/2 0
0 1/3 A-2)/3 0

12 1 (2-1)12 12

12 0 12 0

112 112 112 1/2

112 1/3 (A+2)/6 13

1/3 1 (3-24)/3 1/3

1/3 0 /3 0

1/3 112 (3-1)/6 13

1/3 1/3 1/3 1/3

For every element in TIxTT, we see that the following

IJSER © 2012

inequality is satisfied:

Hp (A + Q= A)x2) 2 min{uz (x1), 5 (X2)} ¥1.%2 € X, A€[0]].
Hence a fuzzy set A corresponding to the affine type of
Kac-Moody algebra G is convex.

Computation of o - level sets :
We shall now deterfhine the « -level sets and strong

a - level sets for some specific cases of GCM, for the
affine type of Kac-Moody algebras

GY, FP, EY, EP & EP.

Theorem 2.3. For the affine Kac-Moody algebra 6 associated
with the indecomposable GCM A, let A be the fuzzy set
defined on NxI1 given by the equation (1). Then the o -
level sets and strong o - level sets for ¢ = 1,1/2 ,1/3 ..., 1/K,..
are given below:

DA ={(n, @) (22, 1)}

(A2 = Ay HA(ey, o), (a2, a2), (a3, 23)}

(iAy3 = Ao (a2, a3).(a3,02)}

(VA2 =A
(V)A1/3' =Ay2
Vi)Ay/4 = A3

(iD) |A =2 Ao =51 Ayg =70 Ayg =7
Fork=45..,|A,|=1A,|= 7
Proof . Consider the family Gél)

Fig. 1. Dynkin diagram for G
A ={(aj,aj) e X uz(ai,aj)zl}

={(ai,aj)e X/ @Wmex( aj Llaji D 2D} ={(eq, @), (e, 1)}
(i)Ay2 ={(aj,aj) e X1 @/mex( aj ||aji ) 21/2)}
=~ (o, a). (a2, a2). (a3, a3)}
(i) A3 ={(aj,aj) e X1 (U/max(| ajj |,|aji [21/3)}= A2
From the above relations we have,
AchA,,=As==A) =
(V)AL 2 ={(ai,aj)e X/ pzlajaj)>1/2}
={(aj,aj)e X! @/mex( ajj l.|aj )>1/2)}=A =
WAz ={(aj,aj)e X! Lmex( ajj |laj [)>1/3=Ay»
(Vi)Ay/ 4 ={(aj.aj)e X/ @max( ajj |.|aji [)>1/4)}=Ay3
From the above relations, we see that,

AI < Auzl < Ausl < AL/4I == A/k. =

(vii) By the above relations,

http://www.ijser.org
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|AE2|A,ESIALETIALET

Ap=e=Ap=n=Ay == A =
Forn=45.. A, l=1Axl=T.

Lemma 2.4. Let Abe the fuzzy set de)ﬁned on TIxIT for the
finite type of Kac-Moody algebra Gél by equation (1) then A
has the following properties:

(a) The cardinality | A | = 4.166 ;

(b) Relative cardinality ||A|| = 0.462;

(c) The membership function of the complement of a normalized
fuzzy set A corresponding to the classical algebra G$ , for
every (ej,aj) e X is listed below:

Fori=2 pgp(@i-1,21)=0 & pen(aiai1)=0;

For i=123 Hgx(@i,ai)=1/2

For i=3 ugp(ei1.0i)=pgp(ei i) =213 and

/J@A(a?yx o) = /u@;(alv ag)=1.

Proof: (a) The fuzzy set A corresponding to the affine Kac-
Moody algebra G contains 2 elements in X having
membership grade 1, 3 elements in X having membership
grade 1/2, 2 elements in X having membership grade 1/3

and all the other elements in X having membership grade
0. By the definition of cardinality,

| Al Zu;(x):4.166
xe X
(b) |A|HAl/]X |=0.462

(c) The fuzzy set A corresponding to the affine Kac-Moody
algebra Gél) , is normal. For every (¢, « J-) e X , the
membership function of the complement of a normalized
fuzzy set A is listed below,

Fori=2 wgx(ei1.ai)=peplaiaig)=1-1=0;

For i=123 u@;\(ai,ai)=1—1/2:1/2

For i=3 pgp(ai-1,04) = pga(ai ai1) =1-1/3=2/3 and
Hep (@, a1) = pigp (o, 03) =1-0=L1.

Theorem 2.5. For the affine Kac-Moody algebra F4(1) associated
with the indecomposable GCM A, let A be the fuzzy set
defined on TIxI1 given by the equation (1). Then the a -
level sets and strong o - level sets for ¢ = 1,1/2 ,1/3 .., /K.
are given below:

DA ={(en,a2).(a2,a3). (24, a5), (a5, a4), (a3, 22), (@2, 1)}

(iAo = A (e, ). (a2, @2). (a3, 03), (a4, 24), (a5, 5), (@3, 24). (04, 23)}
(iAo =A

(V)Ay3 = Ao

(W) A6 Ao =13 Ayys |13
Fork=345...,|A,|=|A,|= 13

Proof . Consider the family F‘fl)

@, (25} s (24 s

Fig. 2. Dynkin diagram for F{®

A ={(ai aj)e X uz(a,aj)=l}

={(a1, @2). (a2, 3). (a4, a5). (a5, 24), (a3, 22). (22, 1)}
(i)Ay2 ={(ai,aj)e X/ L/mex( ajj ||aji[)21/2)}

=M Alon, 1), (@2, @2). (a3, 23), (24, 24). (05, 05), (a3, 24), (24, 23)}
A3 ={(aj,aj) e X1 U/mex( ajj |.|aji Z1/3)}= A2
From the above relations we have,
Ac A1‘/2 =A== =Ay =
(iAo ={(aj,aj)e X! u;(ai,a]—)>1/2}

={(aj. aj)e X! @/max( aj|,|aji)>1/2)}=~A =
(VA3 ={(aj,aj)e X1 Limax( aj |.laji )>1/3}= Ay
Auya ={(ai.aj) e X1 U/ mex( ajj |l aji)>1/4)}=Ayg
From the above relations, we see that,
Ai' < A1/2' < A1/3I < AL/4I == Aukl =
(v) By the above relations,
Ap==Ay == A}/AI Tz Aukl T
[ ALl=6.] A2 I=13] Ay =13
Fork=345....|A.l=1A, | = 13

Lemma 2.6. Let A be the fuzzy set defined on TIxII for the
affine Kac-Moody algebra F41) by equation (1) then A has
the following properties:

(a) The cardinality | Al =95
(b) Relative cardinality || Al =0.38;

(c) The membership function of the complement of a normalized
fuzzy set A corresponding to the affine Kac-Moody algebra
Ff) , for every (ai,aj) e X listed below:

For i=235 Hgp(@i-1,2i)=0 & pop(aiaig)=0 ;

For i=12345 Heh (aj,aj)=1/2

For i=3 y@;(ai_l,ai) :yq:;(ai,ai_l) =2/3 and

Hoalaz,a1) = ppp (g, az) =1.

Fori#j, i#j+1l & j=i+]l, ﬂ@,&(ai’aj)zl and

Honlag.ag) = pgx(ag, o3) =1/2.

Proof. (a) By the definition (1), the fuzzy set A
corresponding to the affine Kac-Moody algebra F‘fl)
contains 6 elements in X having membership grade 1, 7

elements in X having membership grade 1/2 and all the
other elements in X having membership grade 0.

By the definition of cardinality,
I WHORE
xeX

() IAIHA|/|X[=0.38

IJSER © 2012
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(c) The fuzzy set A corresponding to the affine Kac-Moody
algebra F‘fl) , is normal. For for every (g,aj)eX, the
membership function of the complement of a normalized
fuzzy set A are listed below,

For i=235 Hgal@i-1.9i)=Hga(@i,ai1)=1-1=0;
For i=12345 Hgn (aj,ai)=1-1/2=1/2

For i=3 Mgz (i-1.0)=tgx (@i 1) =1-1/3=2/3
and Hen (a3,04) = Hex (ay,05) =1-0=1.

Fori=]j, i#j+l & j=i+]

Hea(@inaj)=1-0=1 and ugz(a3,a4) = ygz (s, a3) =1-1/2=1/2.

Theorem 2.7. For the affine Kac-Moody algebra Eél) associated
with the indecomposable GCM A, let A be the fuzzy set
defined on NxI1 given by the equation (1). Then the o -
level sets and strong « - level sets for o = 1,1/2 ,1/3 .., 1/k,..
are given below:

0A ={(ar, 22). (a2, a3). (a3, a4). (a4, a5). (a3, a6). (a5, 7)),
(a7.06). (a6, a3)(as, ag), (a4, 23). (a3, 02), (2, 1)}

(1A = A Alar, ). (a2, a2). (a3, 03). (a4, 24), (a5, a5), (a6, 05). (a7, 27)}

([iDAy2 = A

(VA3 = A2

V) |AL=12] A2 =19 Ayg =19

Fork=345,...|A,|=|A, | = 19

Proof . Consider the family Eél)

|
]

o, a, @

oy

g

3 &y s

Fig. 3. Dynkin diagram for £$

A ={(ai aj)e X uz(eiaj)=l}
=1, a2). (2, a3). (a3, 24). (a4, a5). (23, a6). (@, 7)),
(a7.06).(ag.a3)(as, as).(as. a3). (a3, a2). (a2, 1)}
(A2 ={(ai,aj)e X (L/mex( aj |.|aji [)>1/2)}
= A (o, ) (2, 22), (03, 03). (a4, 04). (015, 05), (a6, o). (a7, 7)}
Az ={(aj,aj) e X1 (Umax( ajj || aji [21/3)}=Ay2
From the above relations we have,
A chp=Ri3=-=R=.
([i)Ay 2 ={(ei aj) e X/ uplaiaj)>112}
={(aj.aj)e X! @/max( aj |,|aji ) >1/2)}=A =D
(iV)Ay3 ={(aj,aj)e X! Lmex( ajllaj [)>1/3}=Ay?
Mg ={(aj,aj)e X/ @/mex( aj |laji [)>1/4)}=Ay3
From the above relations, we see that,

Ail C'Ailzl < Ausl < Al/4l == A,kl =...

(v) By the above relations,

A/sz---:A&/k:---:A1/4':---:A1/klz---
| ALlE12] A2 2191 Ays 1219
For k=345, |A,l=1A|= 19

Lemma 28. Let A be the fuzzy set defined on TIxI1 for the
affine Kac-Moody algebra Eél) by equation (1) then A has
the following properties:

(a) The cardinality | A | = 15.5;

(b) Relative cardinality | A| = 0.316;

(c) The membership function of the complement of a normalized
fuzzy set A corresponding to the affine Kac-Moody algebra
Eél) , for every (¢, a j)eX is listed below:

For i=123457 Hep(@i-1,2i)=0 & wugr(ai,ai1)=0 ;

For i=1234567 Hgp(@i.ai)=1/2

For izj, i#j+1l & j=i+]l,
Hon(az.ap) = Hop(a6,a3) =0. _

Proof. (a) By the definition (1), the fuzzy set A
corresponding to the affine Kac-Moody algebra Eél)
contains 12 elements in X having membership grade 1, 7

elements in X having membership grade 1/2 and all the
other elements in X having membership grade 0.

Healaiaj)=1 " and

By the definition of cardinality,
| A=Y u;(x)=155.

xeX
() Al Al/] X |=0.316

(c) The fuzz%I set A corresponding to the affine Kac-Moody
algebra Eel) , is normal. For every (¢« jex , the
membership function of the complement of a normalized
fuzzy set A is listed below:

For i=123457 Hga(@i-1.%i) = pgp(@i,ai1) =1-1=0 ;
For i1=123456,7 Hgp(ai ) =1-1/2=1/2
Fori#j, i#j+1l & j=#i+]l, implies

ﬂ@ﬂ(ai ’a’j) =1-0=1 and ,u@;(a@ae) :y@;&(ae,a3) =1-1=0.

Theorem 2.9. For the affine Kac-Moody algebra E§1) associated
with the indecomposable GCM A, let A be the fuzzy set
defined on TIxIT given by the equation (1). Then the a -
level sets and strong o - level sets for ¢ = 1,1/2 ,1/3 ., 1k,.
are given below:

A ={(a1, @2). (@2, @3). (a3, 24). (24, a5), (a5, 26). (a6, 7). (24, g)),

(o8, @4), (a7, 06), (06, a5), (05, 04), (24, 23), (a3, 22), (a2, 1 )}
(A2 = A (o, 0).(a2,00).(a3,03), (a4, 04), (055, 05), (a6, 96). (a7,017). (0, 08)}
(iiDAyp =A
(VA3 = A2
W) | A =14 Ay p |22 Ayy3 =22
Fork=345,...|A,|=|A,|= 22
Proof . Consider the family E§1)

IJSER © 2012
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a, a, a, a, as 253 o,
Fig. 4. Dynkin diagram for ®
WA ={(aj,aj)e X puz(aj,aj)2l}
={(a1, @), (a2, 3). (a3, 24). (a4, a5), (a5, ), (06, 7). (24, g),

(ag.a4).(a7.06). (a6, 05). (a5, a4). (a4, 23), (@3, 02). (22, 1)}
(i) Ay 2 ={(ai @) e X/ (U max( ay | aj; )>1/2))

=M Aoy, a1), (@2, 22), (a3, 23), (a4, 24), (a5, @5), (o, 26), (a7, a7 ), (ag, o8}

A :{(aiaaj) e X/ (1/max(|aij A a; | 21/3)}=A,,
From the above relations we have,

AcA,=Ap=u=A)=.
(iAo ={(aj,aj) e X! pzlaj,aj)>12}

={(aj.aj)e X @/mex( ajj |.|aj ) >1/2)}=A =D

(VAy3 ={(ai.aj)e X/ Lmax( aj|.|aji[)>1/3= Ay,
Auya ={(aj.aj) e X1 @/max( aj |,|aj ) >1/4)}= A3
From the above relations, we see that,
Ai' < At/zl < Ausl < A/4I == Al/k' =
(v) By the above relations,
Ap==Ay==A, =.=A, =
| A =14 Agyo =22 Ayyg =22
Fork=345,...|A.|l=1A, | = 22

Lemma 2.10. Let A be the fuzz%/ set defined on I1xI1 for the

affine Kac-Moody algebra E§1 by equation (1) then A has

the following properties:
(a) The cardinality | Al=18;
(b) Relative cardinality || Al = 0.281;

(c) The membership function of the complement of a normalized
fuzzy set A corresponding to the affine Kac-Moody algebra
E§l) , for every (aj,aj)e X areis listed below:

Fori#]j, i#j+1 & j#i+Llifi=4 then j#8,if i=8

then j¢4, tgi (o, ;) =1 and

Hap (@4, 08) = tgp (ag, a4) =0.

Proof. (a) By the definition (1), the fuzzy set A
corresponding to the affine Kac-Moody algebra Egl)
contains 14 elements in X having membership grade 1, 8

elements in X having membership grade 1/2 and all the
other elements in X having membership grade 0.

By the definition of cardinality,

|AE D> uz(0 =18

xeX

(b) IIAlH A]/] X |=0.281
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(c) The fuzzy set A corresponding to the affine Kac-Moody
algebra E§l) , is normal. For every (¢j,« ex the
membership function of the complement of a normalized
fuzzy set A is listed below:

For i#]j, i#j+1 & j#i+l if i=4 then j=8, if i=8
then jz4 y@;‘(ai ,aj)=1—0:1 and
Hep(as,ag) = ugp (ag,ag)=0.

Theorem 2.11. For the affine Kac-Moody algebra Eél) associated
with the indecomposable GCM A, let A be the fuzzy set
defined on I1xI1 given by the equation (1). Then the o -level
sets and strong « - level sets for ¢ = 1,1/2,1/3 ., 1/k,.. are
given below:

)AL ={(1, a0), (a2, 3), (a3, 24), (1, a5), (a5, ), (a0, 7). (@7, ),
(o5, 9), (9, 06), (01, 7). (227, 06), (6, 05), (@15, 4), (@4, 03), (@13, @22), (22, 01}

(DA, =A Ao, ) (0, ,) (03.23), (2, 2,), (5, 5), (a6, ),
(0!7:0{7)7 (a5, 03), (a9, )}

(iAo =A

(iV)Ay3 = P2

V) | AL =16 Ay [=25] Ayy3 =25

Fork=345,..., Al =1A|= 25
Proof . Consider the family Eél)

&, o, (25} a, as (213 oy ay

&y

Fig. 5. Dynkin diagram for

OA ={(aj,aj) e X uxlaj,aj) 2L}
={(a1,a2), (a2, 3). (a3, 24). (a4, a5), (a5, ), (06, 7). (a7, ag),
(a6, 9). (a9, 06). (ag, a7). (a7, a6), (6, 05). (a5, 24). (04, 23). (@03, 22), (2. 1)}
(iDAy2 ={(aj.aj) e X1 @/ max( ajj |.laji [)21/2)}
=A Al @) (2, 0,) (a3, @5), (a4, @), (s, 5), (26, ),
(a7.09)i (a5, ), (g, )}
A3 ={(aj,aj)e X! Umex( ajj |.|aji [21/3)}= A2
From the above relations we have,
A C‘Auz =Ap=n=Ax="
(iAo ={(aj,aj) e X! pzlaj,aj)>12}
={(aj.aj)e X! U/mx( ajj l.laji ) >1/2)}=~A =
(V) A3 ={(aj,aj)e X1 Lmax( aj |.laji ) >1/3}= Ay
Puya ={(aj,aj)e X1 (Umax( ajj |.|aji ) >1/4)}=Ay3
From the above relations, we see that,

ALI < Auzl < A/sl < A1/4I :"':Al/kl =

(v) By the above relations,

As=..=A,=.=A,, =.=A, =..
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| AE161 Ao 25 Ayg 225
Fork=345,...,|A,|=1A,|= 25

Lemma 2.12. Let A be the fuzzy set defined on T1ixI1 for the
affine Kac-Moody algebra EY by equation (1) then A has
the following properties

(a) The cardinality | A | = 20.5;

(b) Relative cardinality Al = 0.253;

(c) The membership function of the complement of a normalized
fuzzy set A corresponding to the affine Kac-Moody algebra
Eél) , for every (a,cj) € X is listed below:

For i:2’ '8 lu@A(al 11a)_ /’I@A(ai'ai—l)zo;

For i#], i#j+1 & j#i+l if i=6 then j=9,if i=9 then
i#6 ﬂ@;\(ai ,05j)=1 ﬂ@;(aevag) = ﬂag(agvae) =0.

Proof. (a) By the definition (1), the fuzzy set A corresponding
to the affine Kac-Moody algebra Eél) contains 16
elements in X having membership grade 1, 9 elements in
X having membership grade 1/2 and all the other
elements in X having membership grade 0.

By the definition of cardinality,
| Al= Y uz(x)=205.

xeX
(b) IAIH A/ X [=0.253
(c) The fuzzy set A corresponding to the affine Kac-
Moody algebra Eél) ,is normal. For every (a;,a pex,

the membership function of the complement of a

normalized fuzzy set A is listed below:

For i=2..,8 ﬂ@,&(ai—bai) = ﬂ¢;\(ai ,ai_l) =1-1=0;
For i#], i#j+1 & j#i+lifi=6 then j=9,if i=9
then j=6 w4ga(ai,aj)=1-0=1 and
Hep(as.ag) = upp (a9, ap) =1-1=0.

Theorem 2.13. Let A be the fuzzy set on IIxI1 , where II
denotes the root basis for the affine Kac-Moody algebms given
by equation (1). Then the a - cut decomposition for the fuzzy
set A on the affine families G(l) F4(l) E(l) E(l) &E(l) are

() 6 an U 128, U 1/3As.

() FO A c Ay A=1A U 11245,

i) EQ A=1A U 17245,

() ED:A=1a U 12A),.

) EQA=1n U 12n,.

Proof. (i) From Theorem 2.3, for the affine family Ggl) ,
AL cAyp <Az and Ay =X

By definition, the « - cut decomposition for the fuzzy set

Ais U aA,. Hence A:1A U 1/2A, U 1/3A3.

(i) From Theorem 2.5, for the affine family F{",

A c Ay, and Az =X. Hence A=1A U 1/2A,,.
(iii) From Theorem 2.7, for the affine family Eél) ,

A cPyyp and Ayp =X. Hence A=1A U 1/2A,,.
(iv) From Theorem 2.9, for the affine family ) ,

AL c Az and Ajyp=X. Hence A=1A U 1/2A,,.
(v) From Theorem 2.11, for the affine family EJY,

A c Az and Ayp =X Hence A=1A U 1/2A,,.

3 CONCLUSION

We can further compute the level sets, determine the « -
cut decomposition and study the structural properties for
various families of affine , indefinite, hyperbolic, extended
hyperbolic and non hyperbolic type of Kac-Moody
algebras.
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